Abstract. We show that the Sobolev embedding is compact on punctured manifolds with conical singularities. On the other hand, we find the Sobolev inequality does not hold on punctured manifolds with Poincaré like metric, on which one has Poincaré inequality. Applying the results to the Laplace's equation on the singular manifolds, we obtain the existences of the solution in both cases. In conical singularity case, we prove further that the solution can be extended to the singular points and it is Hölder continuous. However, the solution can not be continuously extended to the singular points in Poincaré like metric case. Moreover, on singular manifolds with conical singularities, we obtain the existence and regularity result of nontrivial nonnegative solutions for the semilinear elliptic equation with subcritical exponent.
Introduction
We study the existence and regularity of the solution for the Laplace's equation
where f ∈ L 2 in Riemannian manifolds with conical singularities and with Poincaré like metrics, which will be defined as follows.
Similarly as the definition of conical Riemann surfaces in [4, 6, 24] , a n-dimensional (n ≥ 2) Riemannian manifold M with conical singularities is a compact manifold with smooth metric everywhere except at finitely many points p 1 , p 2 , . . . , p k on M, locally, near the singular points p i , the manifold is diffeomorphic to a Euclidean cone of total angle θ i > 0, the metric can be written as
, where
in a local coordinate centered at p i and ds 2 0 is the Euclidean metric. Then we extend this metric to M and denote it by g. Let α := min i {β i }. It follows from (1.1) that
We denote the n-dimensional singular manifold by a triple (M, β, g) where β = k i β i p i is a real divisor, i.e., a function: M → R with discrete support at p 1 , . . . , p k and is equal to β i at p i . It is called a manifold of dimension n with conical singularities of angles θ 1 , . . . , θ k , with θ i = 2π(β i + 1). Obviously, the manifold is noncomplete with a finite volume.
We assume M 0 is an open Riemannian manifold of dimension n (n ≥ 2) which comes from a compact Riemannian manifold by removing some finite points, that is, M 0 = M \{p 1 , p 2 , . . . , p k }, where M is compact. At each puncture p i (i = 1, 2, . . . , k), we choose a neighborhood U i of p i such that U i U j = ∅ (i = j) and ϕ i : U i → B 1 (0) is a diffeomorphism and ϕ i (p i ) = 0 where B 1 (0) is the unit ball. We introduce the Poincaré metric in U * i = U i \ {p i }, in the local coordinates ds 2 = ds 2 0 |x| 2 (1−log |x|) 2 where x ∈ B * 1 (0) = B 1 (0) \ {0}. Then we extend this metric to M 0 and denote it by w 0 . Clearly w 0 is a complete metric with a finite volume.
We generalize the definition of Poincaré like metric in a Riemann surface of [19] to an n-dimensional Riemannian manifold.
Definition 1.2. A complete metric on M
0 is called a Poincaré like metric if it is quasiisometric to the metric w 0 we constructed above.
Conical singular Riemann surfaces have been extensively studied by many authors (for example, [2, 3, 7, 12, 13, 18, 22, 23] ). Troyanov [24] studied the prescribing curvature problem on the surfaces with conical singularities. In order to study the problem on these surfaces, he proved the Sobolev inequality, a compactness result and the following Trüdinger inequality: [4] further proved a Trüdinger inequality with the best constant on such surfaces. For recent development of this topic, we refer the reader to [21, 26, 27] and the references therein.
In this paper, on n-dimensional manifolds with conical singularities we establish a Sobolev type embedding
and show that the embedding is compact for any 1 ≤ p < 2n n−2 . Similar Sobolev type embeddings can be founded in [14, 15] . It is known from [14] that if we consider the embedding above for the function whose trace is equal to 0 on the boundary of an open bounded domain Ω ⊂ R n , we can get more generalized weighted embedding results than the results obtained here.
On a compact Riemann surface with a finite set of punctures, Li and Wang [19] introduced a complete Poincaré like metric near the punctures and obtain a smooth solution of (P ) with the singular metric in the Riemann surfaces excepting at finite purtures. Dey [11] studied the prescribed negative Gaussian curvature problem on a punctured Riemann surface with a complete metric. We are interested in the basic analysis properties of the singular manifolds with Poincaré like metric, on which we find that the Sobolev's inequality does not hold (even n = 2) by constructing a counter example. However, on the singular manifolds we can prove that the Poincaré inequality holds.
Using the results above, we study the Laplace's equation (P ). We say that u is a weak solution of (P ) if u ∈ H 1 (M) and
In both cases, we prove the existence of the solution for the Laplace's equation (P ), and the regularities of the solution for (P ) in M \ {p 1 , p 2 , . . . , p k }. In conical singularities case, we proved it by the compact embedding given above and the standard variational method. In Poincaré like metric case, we show it by the Poincaré inequality and the spectrum theory. It is interesting that we find the solution in the first case can be extended to the singularities and it is Hölder continuous at every singularity p i (i = 1, 2, . . . , k) which can be proved by the Moser iteration and conversely the solution in the second case is unbounded near the punctures even if f is smooth on M 0 which can be shown by constructing an example. In this paper, we also consider the semilinear elliptic equation with subcritical exponent
on singular manifolds with conical singularities. We obtain the existence of nontrivial nonnegative solutions of the equation (1.5) and show that the solutions are Hölder continuous at every singularity p i (i = 1, 2, . . . , k).
The main results of this paper are the following proposition and theorems. Proposition 1.1. The embedding on singular manifold (M, β, g) with conical singularities
is compact for all p ∈ [1,
).
for any x, y ∈ B r
2
, where C is a positive constant depending only on n, q, α. . Then u ∈ C s (M) for some s ∈ (0, 1) depending only on n, q, α. Moreover, for any
, where C is a positive constant depending only on n, q, α.
Theorem 1.4. The equation (P ) with Poincaré like metric has a smooth solution
The paper is organized as follows. In section 2, we establish the Soblove type embedding and prove that the embedding is compact on conical manifolds. In section 3, we obtain the existence of the solution for the equation (P ) with the conical metric and give the proof of Theorem 1.2. In section 4, we obtain the existence of nontrivial nonnegative solutions of the equation (1.5) and give the proof of Theorem 1.3. In the final section, we give the proof of Theorem 1.4 and show that the solution of (P ) can not be continuously extended to the singular points in Poincaré like metric case.
In this paper, without other special notices, we denote C to be a positive constant which may change from one line to another line.
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2. The compactness of Sobolev's embedding on a manifold with conical singularities
In this section, we prove Sobolev's inequality and a compactness result on the singular manifold (M, β, g) with conical singularities. Hereafter we denote such ndimensional singular manifold (M, β, g) with conical singularities simply by M.
Associated to the conical metric g, one can define gradient ∇ and ∆ operator in the usual way. One can also define the Hilbert space H 1 (M) with norm ∇u 2 + u 2 , where
Proposition 2.1. There exists a constant C such that for all u ∈ H 1 (M) and all p ∈ [1,
where C depends on n, α.
Proof. Let {Ω l } be a finite covering of M, (l = 1, 2, . . . , N), such that Ω i (i = 1, 2, . . . , k) contains the singularity p i respectively and Ω j (j = k + 1, k + 2, . . . , N) does not contain any singularity p i (i = 1, 2, . . . , k). Assume that (Ω l , ϕ l ) are the corresponding charts. Consider {α l } a C ∞ partition of unity subordinate to the covering {Ω l }. We need prove there exists a constant C l such that every
It suffices to show that (2.2) holds when i = 1, 2, . . . , k. Note that on each Ω j (j = k + 1, k + 2, . . . , N) there is a smooth metric.
In fact, since |∇(α l u)| ≤ |∇u| + |u||∇α l |, it is easily seen that
where C is dependent of M, α. Therefore (2.1) holds for all u ∈ H 1 (M) by density. [14] (also see [5, 8, 20 ]), we have
where ∇ 0 is the gradient with the Euclidean metric and C depends on U i , θ and l, on the condition that
We choose
then it is clear that (2.4) is equivalent to α > −1.
We therefore have the weighted Sobolev's inequality,
where C i depends on Ω i and β i , and ∇ 0 is the gradient with respect to ds 2 0 , if α > −1. Obviously, we see
Thus we obtain inequality (2.2).
The above Proposition 2.1 implies, that for any p ∈ [1,
Moreover, we will show that the embedding is compact in the following.
Proof of Proposition 1.1. Let (Ω l , ϕ l ) (l = 1, 2, . . . , N) be a finite atlas of M similar as those in the proof of Proposition 2.1, each Ω l being homeomorphic to a ball B of R n (n ≥ 2). Consider a C ∞ partition of unity {α l } subordinate to the covering
by the standard Kondrakov's Theorem for compact Riemannian manifolds.
It suffices to show that
. . , k. Consider the functions defined on B, l = 1, 2, . . . , k being given:
By Proposition 1.1 in [14] , we know that if α > −1 the embedding
with the norm
. Repeating this argument successively for l = 1, 2, . . . , N, we may extract a subsequence {ũ m } of the sequence {u m } by a standard argument, such that {α lũm • ϕ
and
This also implies thatũ m →ũ in L p (M) as m → ∞ and the proof of this proposition is complete.
As a direct consequence, we have the Poincaré inequality similar as the Proposition 5 in [24] .
3. Existence and Regularity of solutions for Laplace's equation on conical manifolds
In this section, we study the equation
on M where ∆ is the Laplace-Beltrami operator induced by the conical metric and f belongs to L 2 (M). The existence theorem and regularity result of solutions for the equation (3.1) are obtained. Applying the compact embedding theorem proved in last section, the proof of the existence is almost standard. 
. By the compactness of the embedding with conical metric in Proposition 1.1, there exists a subsequence {u k } of {u i } and
Hence u 0 ∈ B and I(u 0 ) = µ. Since u 0 minimizes the variational problem, there exists two constants β and γ such that for all φ ∈ H 1 :
Picking φ = 1 yields γ = 0. Choosing φ = u 0 implies β = µ. Since M u 0 f dV = 1, u 0 is not constant and µ = I(u 0 ) > 0. Setũ = u 0 /µ. Thenũ satisfies equation (3.1) weakly in H 1 (M). Furthermore, we not only obtain removable singularity for solutions to the equation (3.1), but also prove the Hölder continuity of the solution. Firstly, we prove local boundedness of the solutions. 
where C = C(n, α, q, p).
Proof. Similarly as before, we have to consider the boundedness of the solution near the conical singularity. Let r = 1. For some k > 0 and m > 0, setū = u
Then we have Dū m = 0 in {u < 0} and {u > m}, andū m ≤ū. Consider the test function
Hence, we obtain
Choose k = ||f || L q if f is not identically zero. Otherwise choose an arbitrary k > 0 and eventually let k → 0 + . Set w =ū β 2 mū. Note
Therefore, we have
By the Sobolev's inequality and the interpolation with
we have
for any small ε > 0. We choose a small constant ε so that
The sobolev inequality implies
For any 1 ≤ r < R ≤ 2, consider an η ∈ C 1 0 (B R ) with the property η ≡ 1 in B r and |Dη| ≤ 2 R − r .
Setting χ = n n−2 for n > 2 and χ > 2 for n = 2, we obtain
Recalling the definition of w, we have
By letting m → ∞ we conclude that
where C is a positive constant depending only n, q, α and independent of γ. Now, taking p > 1, we set γ = γ i = χ i p and r i = 1 + 2 −i , i = 0, 1, . . . , so that for i = 1, 2, . . . ,
. Hence, by an iteration we obtain
Letting i → ∞, we get sup
Since u must be a supersolution of equation (3.1), we similarly have
where u − = max{−u, 0}. Therefore, we obtain
Now, the inequality (3.2) can be proved by a dilation argument.
for some positive constants Λ. Assume that u ∈ H 1 (M) is a subsolution in the following sense
Then if g ∈ L q (M), the inequality
holds for any p > 0 where C is a positive constant depending only on n, α, p, q.
Then the next result is referred to as the weak Harnack inequality. To this aim, we need a important lemma.
Because the conical metric space satisfies doubling condition, i.e. vol(B 2R ) vol(B R ) ≤ C n,α .
Indeed, we can assume that B R is a ball of radius R centered at p i (i = 1, 2, . . . , k). Then
It was proved that (see [25] ) the John-Nirenberg lemma in [17] generalizes easily to accomodate doubling measures by the Calderon-Zygmund decomposition.
where M 0 is a positive constant. Then there holds for any
for some positive p 0 and C depending only on n.
Theorem 3.5. Suppose u ∈ H 1 (M) is a nonnegative solution of equation (3.1) and f ∈ L q (M) for some q > n/2. Then we have for any ball B 4r ⊂ M and 0 < p <
6)
Proof. We only prove for r = 1.
Step 1. We prove that the result holds for some p 0 > 0. Setū = u + k > 0, for some k > 0 to be determined and v =ū −1 . For any ϕ ∈ H 
where C is a positive constant depending on n, α, p, q. The key point next is to show that there exists a p 0 > 0 such that
where C is a positive constant depending on n, α, q. We will show for any B R ⊂ B 4
where w = logū − β with β = |B R | 
By scaling, we consider the cut-off function
By the Poincaré inequality
Then Lemma 3.4 implies
Step 2. The result holds for any positive p < n/(n − 2). We need to prove for any 1 ≤ r 1 < r 2 ≤ 3 and 0 < p 2 < p 1 < n/(n − 2),
where C is a positive constant depending on n, q, α, r 1 , r 2 , p 1 and p 2 . Take ϕ =ū −β η 2 for β ∈ (0, 1) as the test function and we have
Set γ = 1 − β ∈ (0, 1) and w =ū γ 2 . Then, we obtain
for some positive m > 0. Proposition 2.1 and an appropriate choice of cut-off function imply, with χ = n/(n − 2), for any 1 ≤ r < R ≤ 3
This holds for any γ ∈ (0, 1). Now (3.10) follows after finitely many iterations.
for some positive constants Λ. Assume that u ∈ H 1 (M) is a nonnegative supersolution in the following sense
Then if g ∈ L q (M), we have for any ball B 4r ⊂ M and 0 < p <
Now the Moser's Harnack inequality is an easy consequence of above results.
Corollary 3.7. Let u ∈ H 1 (M) be a nonnegative solution of equation (3.1) and f ∈ L q (M) for some q > n/2. Then we have for any ball B 4r ⊂ M,
where C is a positive constant depending on n, α, q.
is a nonnegative solution of equation
and f, g ∈ L q (M) for some q > n/2, then we have for any ball B 4r ⊂ M,
The Hölder continuity follows easily from Corollary 3.7.
Proof of Theorem 1.2. The proof is standard. We prove the estimate for r = 1. Set for r ∈ (0, 1) M(r) = sup Then M(r) < ∞ and m(r) > −∞. It suffices to show
Similarly, apply Corollary 3.7 to u − m(r) ≥ 0 in B r to get
Then by adding (3.13) and (3.14) together, we obtain
Obviously, we can show the desired result by Lemma 8.23 in [16] . The Hölder continuity also follows easily from Remark 3.8.
Corollary 3.9. Let u ∈ H 1 (M) be a solution of equation (3.12) with conical metric and f, g ∈ L q (M) for some q > n 2
. Then u ∈ C s (M) for some s ∈ (0, 1) depending only on n, q, α. Moreover, for any B r ⊂ M
for any x, y ∈ B r 2 , where C is a positive constant depending only on n, q, α.
Existence and Regularity of solutions for semilinear elliptic equations with subcritical exponent on conical manifolds
In this section, we consider the semilinear elliptic equation
on M where ∆ is the Laplace-Beltrami operator induced by the conical metric, h ≥ m > 0 and h ∈ L q (M) for some q > n 2
. We allow the coefficient h to be unbounded from above. The existence theorem and regularity result of nontrivial nonnegative solutions for the equation (4.1) are obtained.
Using the embeddings established in Proposition 1.1, we obtain existence of nontrivial nonnegative solutions to the semilinear elliptic equation (4.1) via variational methods.
. Then there exists a weak solution u ∈ H 1 (M) of (4.1).
Consider the minimizing problem
On the one hand, we easily see from the assumption and the embedding theorem in Proposition 2.1 that
This implies J < ∞. On the other hand, we have
. So it implies that J > 0. Using compactness of the embedding given in Proposition 1.1 and the standard variational method, we know that J attains at some u 0 ∈ A.
And u 0 = 0 in M. We easily see that u 0 satisfies the equation
. Then u = λ 1 p−1 u 0 is a nontrivial nonnegative solution of (4.1). The regularity of elliptic equations implies that
The strong maximum principle also implies that u > 0 in M \ {p 1 , p 2 , . . . , p k }. This completes the proof of Theorem 4.1.
Remark 4.2. The proof of Theorem 4.1 implies that when p = 1, the eigenvalue problem −∆u + hu = λu in M admits a positive eigenvalue 0 < λ 1 < ∞, the corresponding eigenfunction
We will show that the solution u of (4.1) is bounded and Hölder continuous at every singularity p i (i = 1, 2, . . . , k) in the following.
Proof of Theorem 1.3. We apply Corollary 3.9 to show the Hölder continuity of the solution at every singularity p i (i = 1, 2, . . . , k) for the equation (4.1). In our case, we choose f (x) = u p−1 − h and g(x) = 0 in the equation (3.12) . Indeed, it follows from u ∈ H 1 (M) and the embedding theorem in Proposition 2.1 that
. Note that
Therefore, we can choose
This completes the proof of Theorem 1.3.
Laplace's equation on manifolds with Poincaré like metrics
In this section we mainly prove the existence of the solution for ∆u = f on punctured Riemannian manifolds with Poincaré like metrics.
Suppose W k,p (M 0 ) is the Sobolev space on M 0 with the Poincaré like metric. We denote the Laplacian of M 0 by ∆ which is the closed extension of Laplacian acting on smooth functions with compact support. Moreover, the definition domain of ∆ called ∆g) . Since M 0 has a finite volume, constants are eigenfunctions of ∆. In the following theorem, we prove the Poincaré inequality for the complete Riemannian manifold M 0 .
Proof. Suppose λ 1 (U * i ) is the first Dirichlet eigenvalue of U * i . We claim that λ 1 (U * i ) ≥ C. Clearly it suffices to show this statement using the metric w 0 . We set h(r) = r 2 (1 − log r) 2 where r = |x|. 
drdσ.
For any g ∈ C ∞ 0 (U * i ) we show that
, we have
Hence we obtain
Because of the support assumption of g, applying the integration by parts with no boundary terms yields Applying the same argument to |g| 2 in place of |g| we obtain
By Hölder's inequality we have
. We clearly have λ 1 (
. By Donnely's decomposition principle in [9] (Lemma 5.1), which means that the essential spectrum of ∆ does not depend on the changes of the metric in a compact domain of M 0 , we have σ ess (−∆) ⊂ [ Is there the corresponding Sobolev's inequality on a punctured manifold with Poincaré like metric, similar as Proposition 2.1 ? The answer is negative. For any p > 2, we can construct a counter example u ∈ W 1,2 (M 0 ) and u / ∈ L p (M 0 ). Let r = |x| (0 < r ≤ 1) and p > 2, set u(r) = 1 α − 1
(1 − log r) 1−α , where 3 − n 2 < α ≤ 1 − n − 1 p .
We can check u ∈ W 1,2 (U * i ) easily. Note that Similarly, we have that
But,
Hence, we can see that the Sobolev's inequality with the Poincaré like metric does not hold. Further, the solution of ∆u = f with the Poincaré like metric can not be continuous at each puncture p i (i = 1, 2, . . . , k). In fact, the boundedness of the solution at each puncture p i (i = 1, 2, . . . , k) does not hold. For example, we set u = log(1 − log r), 0 < r ≤ 1.
(5.5)
By a direct computation, we have ∆u = r 2 (1 − log r) 2 ∆ 0 u + (n − 2)r 3 (1 − log r) 3 ∂ ∂r 1 r(1 − log r) ∂u ∂r = (2 − n)(1 − log r) − 1 − (n − 2) log r = 1 − n, where ∆ 0 is the Laplace-Beltrami operator with the Euclidean metric. Obviously, we can also show that u ∈ W 1,2 (U * i ). Indeed, log(1 − log r) 2 1 r(1 − log r) n dr = 2 (n − 1) 3 W n−1 < ∞, where dV 0 is the volume element with the Euclidean metric. We choose a cut-off function ψ ∈ C ∞ 0 (U i ) and ψ ≡ 1 in a neighborhood of p i , and set w = ψu. Then we have ∆w ∈ C ∞ (M 0 ). But w is not bounded near each puncture p i (i = 1, 2, . . . , k).
